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The asymmetry of fluctuation with respect to time reversal wkich is expected in an energy-consuming steady state is
discussed with special attention to biological systems. The necessary condition for asymmetry of fluctuation of an observed
quantity is given. To show the usefulness of the experimental analysis of asymmetry of fluctuation. some calculations are
carried out on two simple examples of three-state reactions. In one of them, the two-point time correlation function of the
observed quantity has an oscillatory component, while in the other the function is nearly exponential, but in both cases, the
fluctuation has a pronounced asymmetry. A method to estimate the degree of asymmetry of fluctuation is proposed, and the
application of the present method to investigation of the molecular events in biological systems such as muscle is discussed.

1. Introduction

This paper is concerned with the asymmetry of
fluctuation with respect to time reversal, which is
expected in an energy-consuming steady state. Let
us consider two examples in biological systems.

A large fluctuation of the electric potential dif-
ference across the cell membrane has been often
observed in living cells. Such a fluctuation is not
always merely noise, but is utilized by the living
cells for regulation of their behavior [1,2]. The
tactic response of swimming Paramecium cells, for
example, 1s performed by modification of sponta-
neous fluctuation of the membrane potential de-
pending on the environmental conditions [3,4].
The fluctuations are amplified by a positive feed-
back mechanism between the thermal movement
of ions around the membrane and the fluctuation
of the state of macromolecules in the membrane
which controls the permeability of ions {5,6]. The
free energy stored in the unequal distribution of
ions across the membrane is consumed for amplifi-
cation of fluctuation.
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In a recording of the membrane potential mea-
sured in a Paramecium cell, we can find the asym-
metry of fluctuation with respect to time reversal
[2]. This 1s evidence that an energy-consuming
process is involved in production of the fluctua-
tion. It is an interesting problem to investigate the
relationship between the degree of asymmetry of
fluctuation and the amount of energy consumed,
and to characterize the mechanism of amplifica-
tion of fluctuation.

Another example is taken from the problem of
biological motility. In muscle contraction, an ac-
tive tension is generated by a cyclic interaction of
myosin and actin molecules coupled with the split-
ting of ATP. All reactions in the cycle are reversi-
ble and proceed as stochastic processes [7,8]. Actu-
ally, the active tension has been found to have a
large fluctuation {9]. Does this fluctuation contain
any asymmetric component with respect to time
reversal? Is there any signal from myosin and actin
molecules which shows an asymmetric fluctuation?
It is useful to find such a signal to identify the
molecular events involved in the process of tension
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generation. The asymmetry of fluctuation of the
signal may be found not only in a muscle fiber but
also in a solution of myosin and actin molecules.

In a droplet of protoplasm of Amoeba, for
example, we can often observe apparently random
movements of particulates. How is an active move-
ment distinguishable from a simple thermal move-
ment? Besides the magnitude of fluctuation, the
possible asymmetry of fluctuation should be con-
sidered. How does asymmetry of fluctuation ap-
pear during the transition from random thermal
movement to organized active movement?

General theories on the fluctuation in nonequi-
librium steady states have been treated previously,
and remarks have been made on the asymmetry of
fluctuation [10,11]. The purpose of this paper is
not to treat the general theory but to show some
caiculations on simple realistic examples which
can be expressed in terms of chemical reactions,
and to emphasize the usefulness of experimental
analysis of the asymmetry of fluctuation.

Measurements of fluctuation of various quanti-
ties in biological systems have been made in many
laboratories. The data obtained are usually di-
rectly transferred to a computer to derive the
ordinary time correlation function or the power
density spectrum. To make the best use of the
data, however, the asymmetry of fluctuation must
be analyzed before putting the data into a conven-
tional computer system. The experimentally useful
definition of the asymmetry of fluctuation can be
made by matrix presentation which is introduced
later.

2. Asymmetry of fluctuation in a steady state

In an equilibrium state, the thermal fluctuation
of any quantity should be symmetric with respect
to time reversal. In a nonequilibrium steady state,
however, the fluctuation does not necessarily
satisfy this condition. Consider a molecule which
can be in one of the three states, 1, 2 and 3. In
these states, the molecule takes three different
values of an observable guantity, 4, a,, a, and a;.
Assume that the molecule undergoes stochastic
transitions among these states. If only cyclic tran-
sitions from 1 to 2, from 2 to 3 and from 3 to 1 are

L

Fig. 1. Fluctuation of A(r} of a single molecule.

allowed, the observed quantity 4 changes with
time as shown in fig. 1, where the change has an
asymmetry with respect to time reversal.

Consider an assembly of N molecules, where
each molecule undergoes the above cyclic transi-
tions. The value of 4 of the assembly is given by

A(1)=n(t)a,+ny(1)ay+n3(t)a; ¢)

where 7 values are numbers of molecules in three
states at time 7. The value of A(z) obtained by
summation of the values taken by individual mole-
cules should show an asymmetric fluctuation with
respect to time reversal.

In the above example, the probability that a
molecule is in a state 7 at 7 and is in other state j at
t+ 7, p(i,j; 7), is not equal to the probability that
a molecule is in the state j at 7 and is in the other
state i at ¢+ 7, p(J,i;7), fori and j=1, 2 or 3
with i #j. In general, in a nonequilibrium steady
state of an assembly of N molecules where each
molecule can be in one of the states, 1, 2,...,m, the
probability p(i,j; 7) is not necessarily equal to
p(J,i;7) for i+ j. This inequality immediately re-
sults in the asymmetry of fluctuation of A4 if
a; 7 a;. The asymmetry of fluctuation is due to the
breaking of detailed balancing among different
states.

1t is obvious, however, that if each molecule in
the assembly can be in only two states and make
transitions independently, asymmetry of fluctua-
tion cannot be produced. For example, if a, =a5
in fig.1, the asymmetry disappears. Even when
each molecule can be in many different states,
asymrmetry of fluctuation cannot be produced, if
the observed quantity can have only two different
values. In other words, the observed quantity must
distinguish three or more different states of the
molecule to have asymmetry of fluctuation.
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3. Simple examples

It is useful to give simple examples of a non-
equilibrium steady state, where the probabilities,
p(i,j;7), can be easily calculated. In the cyclic
reaction of fig. 1, let us denote the rate constants
of transitions from 1 to 2, from 2 to 3 and from 3
tolask,,, k,,and k_ 5, respectively. In addition,
we introduce reverse transitions from 2 to 1, from
3 to 2 and from 1 to 3 and denote their rate
constanis as k_, k_, and k_;, respectively.

3.1. Case 1

Let us assume that all rate constants of forward
transitions and those of backward transitions are
equal, respectively. That is, k., =k, ,=k.3(=
k. Yand k_,=k_,=k_3(=k_), as shown in figs.
2a. The average nvember of molecules in three
states must be equal; i.e., (n;)={ny,)={(n;3)=
(1/3)N. Only when k, =k_ is an equilibrium
state established. When &, #k_, a nonequi-
librium steady state is established. The probability
that a molecule is in a state i at 7 and is in a statej
at t+ 7, p(i,j; 7), can be calculated, for 70, as:

(1. 1:7)=p(2.2:7)=p(3.3:7)
=(1/9)+(2/9) exp(—(3/2)(1+ A)7) cos((y3/2)(1—A)7)
(&)
P(1,2:7)=p(2.3;7)=p(3. 15 7)
=(1/9)~(1/9) exp(—(3/2)(1+A)7) cos((y3/2)(1 —A)7)
+(1/3y3) exp(— (3/2)(1+1A)7) sin((y3/2)(1—A)7)
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Fig. 2. (a) A three-state scheme where all reactions are reversi-
ble but rate constants of forward and backward reactions are
different. (b) A three-state scheme where two reactions are
unidirectional but the third one is bidirectional.
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p(2,1:7)=p(3.2;: 7)=p(1,3:7)
=(1/9)—(1/9) exp(—(3/2)(1+A)7) cos((y3/2)(1~A)~)
—(1/3/3) exp(— (3/2)(1+A)7) sin((y3/2)(1 —A)7)
@

where A is the ratio of two rate constants, k_ /k .,
and the time 7 is the real time multiplied by k_ . If
A is not equal to unity, p(i,j; 7) is not equal to
p(J,i; ) for i #j. Therefore, asymmetry appears
in the transition probabilities and in the fluctua-
tion of A{z) if a, 7 a,+ a;. The difference be-
tween p(i,j; ) and p(j,i;7) for i*j has a maxi-
mum value around 7=0.4 as a function of 7.
where the asymmetry is most pronounced.

3.2. Case 2

Let us assume another condition, where k., =
k.,=k, y(=k,)asbefore,butk_,=k_;=0and
k_,=k_ (= k_). The transitions from 1 to 2 and
from 3 to 1 are unidirectional but the transition
between 2 and 3 is reversible, as shown in fig. 2b.
In the steady state, the average numbers of mole-
cules in three states satisfy the condition (n,)=
(n3>=Q1/2){n,>=(1/4)N. The probabilities are
given, for >0, by:

(1. 1:7)=(1/16)(1+(34+27) exp(—27)) (5)
P(2.2:7)=(1/8)(1+exp(—27)) (6)
p(3.3;7)=Q/16)(1+(3—27) exp(—27)) (€3]
P(1,2: 7)=(1/8)(1 —exp(—27)) ®)
P(2.3:7)=(1/8)(1— (1—27) exp(—27)) ©®)
P(3. 1:7)=(1/16)(1— (1—27) exp( —27)) (10)
P(2.1:7)=(1/8)(1 = (1+27) exp(—27)) an
p(3.2;7)=(1/8)(1—exp(—27)) 12)
p(1.3: 7)=(1/16)(1— (1+27) exp(—27)) a3)

The time 7 is the real time multiplied by &, . It 1s
found that p(i,j; 7) ¥ p(J, i; 7) for i #j and, there-
fore, asymmetry is expected in the fluctuation of
A(2). The difference between two probabilities has
a maximum around 7= 0.5.

4. Time correlation functions

The ordinary time correlation function of A4(z),
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®a(7), 1s defined by
aa(?)=(/T) [TA() A +7) d:
=(A()A(1+ 7)) (14)

where the averaging is performed over a suffi-
ciently long period, 0 <r<<T. This time correla-
tion function does not retain any information
about the asymmetry with respect to time reversal.
Actually, ¢,(7) must be equal to ¢,(—7). In order
to analyze the asymmetry, we have to have more
information. For example, higher-order time corre-
lation functions may be useful. Before introducing
them, we calculate the ordinary time correlation
function ¢,(7) for the above two cases. Eq. 14 is
rewritten as:

¢A(7)=2h'a,ajp(i,j; T) (‘5)
i

Therefore, in case 1, for 7> 0,
Ba(7)— Sa(0) =(Sa(0) — Sa(20)) exp(—(3/2)(1+2)7)
Xeos((y3/2)(1—A)7) (16)

for all values of a. The time correlation function
has an oscillatory component if A is not equal to
unity. In this example, the condition necessary for
asymmetry of fluctuation with respect to time
reversal is the same as that necessary for the
contribution of an oscillatory component in the
timme correlation function. The presence of a cyclic
process is apparent in the time correlation func-
tion.
In case 2, with g, =0, a,=1 and a;=a,

Da(T)— @a(00)=(0a(0)— ‘:’A(w))(l +((a '"(02/2))/
(1—a+(3/49)a%))7) exp(—27) (17)

The time correlation function has no oscillatory
component. This 1s a good example of where con-
ventional computation of the time correlation
function loses information about whether or not
the observed quantity comes from a cyclic process
in a steady state. The asymmetry of fluctuation
with respect to time reversal is not always equiva-
lent to the presence of an oscillatory component in
the time correlation function. The condition neces-
sary for the asymmetry is broader than that neces-
sary for the oscillation, as long as the molecules

give three or more different values of the observed
quantity in different states. Nonequilibrium steady
states in a network of chemical reactions contain
cyclic processes in general. The cycling is not
necessarily evident in the ordinary time correlation
function.

One of the higher-order time correlation func-
tions is defined by

a7, 2)=(A(NDA(+ 7)) A(1+ 7+ 1)) (18)
In a nonequilibrium steady state,
Ya(1-2) = Ya(7. 1) form==m (19
In a special case where 7, =0,

Ya(0.7)— 4a(7.0)= X N(a2a,— a,a?) p(i.j: 7) (20)
i.7

In the scheme of fig 2a and b, with @, =0, a, =1
and a; = a, we find, for case 1,

¥a(0, 7)) — ¥a(7, 0)= Na(1—a)(2/3/3)

Xexp(—(3/2)(1+A)7) sin((y3/2)(1—A)7) 2D
and for case 2,
¥a(0, 7) — #a( 7. 0) = Na(1—a)(1/4)7 exp(—27) &>y

The comparison of ¢,(0, 7) and ¥,(7, 0) is a simple
way to find asymmetry of fluctuation with respect
to time reversal.

It should be noted here that if in a nonequi-
librium steady state, two different quantities 4(=
=n;a;) and B(=3n;b,) were measured in an as-
sembly of N molecules, the time correlation func-
tion between them would be asymmetric with re-
spect to time reversal; i.e. [10]:

ean(7)=(A(2)B(1+7))={A(1+ 7)B(2))= ean(— 7 )}(23)

The inequality comes from the asymmetry of the
correlation function between the numbers of mole-
cules 1n different states;

(n,(t)nl(t+7))?&(ni(t+7)nj(t)) (29)

In an equilibrium, these two correlation functions
must be equal. The previous analysis simply means
that information about the ineguality of eq. 24 is
preserved in the fluctuation of a single quantity
A(1), if a; values are not equal.
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5. Miatrix presentation

In principle, all information about the fluctua-
tion is contained in a series of time correlation
functions of higher orders. The analysis of these
functions, however, is not always practical. In
some cases, it is rather easy to find asymmetry of
fluctuation directly in the original data. For exam-
ple, the spontaneous fluctuation of membrane
potential in a Paramecium cell often shows a sharp
rise and slow decay. Is there any simple manner to
express such specific features of the observed
fluctuation?

The following matrix presentation may be help-
ful. In a record of a fluctuating quantity, A4, let us
count the number of times of the event that at
time 7, A has a value 4; and at 7 + 7, 4 has another
value 4;, by scanning the record from r=0to T
with a fixed value of the time difference 7. Denot-
ing this number as M, (7) = M(A4;,A;; 7), we can
compose a matrix of components M, (7). In an
equilibrium state, this matrix must be symmetric.
In a nonequilibrium steady state, it may be asym-
metric. The asymmetry of fluctuation with respect
to ume reversal can be defined by the asymmetry
of this matrix.

Fig. 3 gives a graphic presentation of the matrix
obtained by computer simulation for case 1. A
small degree of asymmetry is noticeable around
the peak along the diagonal. The asymmetry grows
and decays with increasing time difference.

To make a matrix of suitable size, the observed
value of A(r) must be digitized with a limited
resolution, and to obtain reliable values of compo-
nents M, (7), A(r) must be measured for a suffi-
ciently long period.

The ordinary time correlation function is calcu-
lated from the matrix as
()= X A,4,(M,()+ M (7)) /M, (25)

A>A,
where M, is a normalization factor arising from
the total number of events. In contrast with this
time correlation function, the degree of asymmetry
of fluctuation may be estimated by the following
correlation function obtained from the matrix;

()= X AAM, ()~ M()/ M, (26)

a,>4,

SR oo

Fig. 3. Graphic presentation of the matrix M,; obtained from
A(z) produced by computer simulation of the three-state scheme
of fig. 2a. M(A,, A, 7) is given by the height in a two-dimen-
sional plane of 4, and 4, at three different values of the time
difference 7 =1/32, 13/32 and 20/32. N =900, a, =0, a, =1
and a; =3. Probabilistic transitions were made by computer
with &, =1 /32 at every time interval Az =1, to produce A(z)
in a total period 7=104%. The average of 4 must be 1200. The
step of A to digitize the values of 4, and A4,, A4, was taken to
be 1200/128.
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The difference ¥, (0, 7) — ¥,(7, 0) previously intro-
duced is equivalent to the function;
()= 3 A4,4,(A4,—4) (M (=)— M, (7))/M, (27)

A,> A,

6. Applications

Let us consider the three-state model which has
been often employed to understand the molecular
mechanism of muscle contraction [8,12,13]. Actin
molecules in the thin filament and myosin mole-
cules in the thick filament undergo a cyclic process
consisting of three states. In state 1, two molecules
are dissociated; in states 2 and 3, they are bound
in different manners. Assuming an isometric con-
dition where the distance between the centers of
actin and myosin molecules along the filaments is
fixed, the tension developed by the interaction of
actin and myosin melecules is different in the two
bound states 2 and 3. In these two states, the
binding free energies between two molecules as a
function of the distance along the filaments have
minima at different positions [12,13]. The rate
constants of transitions among three states depend
on the environmental conditions, particularly on
the concentrations of ATP and Ca’*. Roughly
speaking, however, the cycle has similar features to
those depicted in fig. 2b. Namely, the transitions
between 1 and 2 and between 3 and 1 are almost
unidirectional and the transition between 2 and 3
is bidirectional. Therefore, as in the case of fig. 2b,
the tension developed by a pair of actin and
myosin molecuies at a fixed distance is expected to
show fluctuation asymmetric with respect to time
reversal. The fluctuation of the tension developed
by a large number of pairs of actin and myosin
molecules in a muscle fiber must preserve the
asymmetry.

Actually, the fluctuation of the tension of a
muscle fiber was measured under an isometric
condition [9]. Upon activation of the fiber, the
fluctuation became very large, where its time cor-
relation function was apparently exponential. It is
desirable to examine whether or not fluctuation of
the tension contains a component asymimetric with
respect to time reversal. The simplest way is to

calculate the functions ¥.(7,,7) and Y,(%, 7).
The inequality of these functions, if it were found,
would give support for the observed fluctuation
coming from an active process to which the three-
state model may be applied. The matrix of M, (),
if obtained, would be very useful.

A large fluctuation in light scattering was found
in an activated muscle fiber. Its time correlation
function had some deviation from a simple ex-
ponential type [14], and a possible structural origin
was discussed [15]. The fluctuation of the fluores-
cence intensity from labelled myosin molecules in
a muscle fiber was also measured [16]. It was large
during development of active tension and had a
correlation time of the same order as that of the
tension. If the fluorescence intensity is different
between two bound states of myosin and actin
molecules, it is very probable that iis fluctuation
has a component asymmetric with respect to time
reversal. Then, the fluorescence intensity gives val-
uable information about the cyclic interaction of
myosin and actin molecules coupled with the split-
ting of ATP.

Similar measurements can be made in a solu-
tion of myosin and actin molecules. In the pres-
ence of ATP, the solution was found to give a
large fluctuation of light scattering having a long
correlation time [17]. If the scattering intensity
changes simply with binding and detachment of
myosin and actin molecules, its fluctuation cannot
have asymmetry. If, however, the scattering inten-
sity contains some contribution from active move-
ments of myosin and actin molecules, the fluctua-
tion may have asymmetry. Recently, active move-
ments of the filaments of actin and myosin have
been realized in a solution with ATP [18,19]. It is
hoped to investigate the fluctuation of fluores-
cence and light scattering under the same condi-
tion.

The bactenial flagellar motor is rotated by a
flow of H" due to the electrochemical potential
difference across the membrane. The threshold of
the potential difference of H* for driving the
motor has been found to be very small, in the
range from 30 to 8 mV [20,21]. Then, the free
energy released by an H™' flowing across the mem-
brane is of the same order as the energy of thermal
fluctuation. Accordingly, it is interesting to mea-
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sure the fluctuation in the speed and torque of the
motor near the threshold of the potential dif-
ference [20]. The asymmetry of fluctuation, if it
were found, would give a clue to understanding
the mechanism of rotation of the motor [22].

The other example is the fluctuation of the
membrane potential. Channel molecules in the
membrane usually have three states, a closed state,
an opened state and an inactive or desentisized
state [23]. All transitions among these states are
reversible and the rate constants depend on the
membrane potential. Under a fixed membrane
molecules is usually symmetric and, thus, fluctua-
tion of the membrane current is symmetric [24].
However, if the membrane potential is free to
fluctuate, fluctuation of the state of channel mole-
cules takes place closely correlated with fluctua-
tion of the membrane potential. In the case of
Paramecium cells, such a correlation gives rise to
cooperative fluctuation of a number of channel
molecules and, consequently, fluctuation of the
membrane potential is very much amplified [2].
The amplification may be associated with a flow
of free energy carried by the ion current across the
membrane. Actually, fluctuation of the membrane
potential of Paramecium cells consists of two com-
ponents, a basic fluctuation and a spike-like
fluctuation triggered by the basic one [2]. The
asymmetry of fluctuation is more pronounced in
the latter. In such a case, the matrix presentation
of M is useful to see where the asymmetry is
produced.

7. Remarks

A few remarks must be added. It was pointed
out that asymmetry of fluctuation of an observed
quantity A(z) in a nonequilibrium steady state of
an assembly of N molecules (molecule X) is ex-
pected if each molecule can assume three or more
different states wheie it has different values of A.
In such an assembly let us put the other kind of
molecules (molecule Y) which have some interac-
tion with the assembly of X. Assume that these
molecules Y make transitions among different
states where an observable quantity B takes differ-
ent values. Because of the interaction, the rate

constants of transitions of Y among different states
may depend on the state of the assembly of X, or
the value of 4(z). Then, the fluctuation of B(z)
may have an asymmetric component, if the
fluctuation of A(z) is asymmetric. If the fluctua-
tion of B(z) is really asymmetric, it means that
there is a flow of free energy between two assem-
blies of X and Y. In this case, asymmetry of
fluctuation of B(t) may appear even if molecules
Y can take only two different values of B. This
kind of problem may be formulated by treating a
reaction scheme in which the rate constants are
not constant but have fluctuations due to fluctua-
tion in the environment [5].

Finally, it must be noted that in several papers.
the higher-order time correlation functions or the
multispectral densities were already studied, al-
though the asymmetry with respect to time rever-
sal was not always noticed {25]. The third-order
correlation function of eq. 20 was discussed in
relation to the problem of the 1/f noise [26]. It
may be interesting to investigate the possible
asymmetry in the 1 /f noise. Similar problems have
been often treated also in the field of mathematics
of stochastic processes. The high-order time corre-
lation functions give important information in
nonlinear systems.

Experiments along the line discussed in this
paper are now in progress. The results will be
reported in another paper.
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